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The mission of the Harry Diemond Laboratories is:

(1) To perform research and engineering on systems for detecting,
locating, and evaluating targets; for accomplishing safing, sxming,
and mmition control functions; and for providing initiation signals:
these systems include, but are not limited to, radio and non-radio
proximity fuzes, predictor-computer furzes, elsctronic timers,
electrically-initiated fuzes, and related items,

- (2) To perform research and engineering in fluid smplification
and fluid-actuated control systems,

(3) To perform research and engineering in instrumentation and
measurement in support of the above,

(4) To perform research and angineering in order to achieve
paximm immunity of systems to adverse influences, including countere
measures, nuclear radiation, battlefleld conditions, and high-altitude
and space environments.

(5) To perform research and engineering on materials, components,
and subsystems in support of sbove.

(6) To conduct basic research in the. physical sciences in support
of the above.

(7) To provide consultative services to othar Government agencies
when requested.

(8) To carry out special projects lying within installation
competence upcn approval by the Director of Research and Development,
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ABSTRACT

Attachnent of a submerged, incompressidble, two-dimensio.:l, tur-
bulent jet to an adjacent straight wall (Coanda effect) is a.:lyzed,
Parametric equations are developed that predict the point at rhich the
Jet attaches as a function of wall angle and offset dista:ce. Computer
asoclutions were obtained for several sets of conditions. Ixp riments
were conducted with both air and water jets at Mach 0.5 e ui :lent, and
results agree well with corresponding computer solutions whe: the jet
spread parameter is also treated as a function of offset dis :nce and
wall angle, The equations provide an analytic method, indepundent of
the particular fluid, for predicting the attachment distmnce, and
should be helpful in designing elements based on the Coanda :ffect;
e.g., the fluid flip~flops or bistable elements.

1.  INTRODUCTIGN

The steady-state deflection and attackment of a jet to nearby
surface has been referred to as the Coanda effect. The effect with
respect to two-dimensional flow is of interest since two-dimnsional
flow is approximated in many fluid devices where the flow is constrained
between two opposing parallel flat plates, and the proper de i;n of many
elements using the Coanda effect requires a means for caical ting the
attachment distance as wall angle and offset diatance are va {ed,

Borque and Newman (ref 1) as %¥ell as Sawyer (ref 2) dis. uss the
defiection and reattachment of a two-~dimensional, submerged, ..com-
pressible, turbulent jet to an adjacent flat plate, and develcp equa-
tions to predict the attachment distance as a function of the distance
that the wall is offset from the noxxle exit, or, alternativily, as a
function of the angle between the wall with zero offset and - he axis
of the nozzle. A study was initiated to develop a more gere a. expres-
sion of attachment distance as a function of both parameters. The study
iacluded a theoretical analysis and derivation, computer sol i.ons, and
tosts with air and water jets.

2, THEORETICAL DEVELOPMENT

2.1 Anslytic Base

The Coanda effect, as discussed here, arises as follicws, A
submerged jet (fig. 1) ent¥sins fluid by means of viscoua interaction
betwveen the moving stream and the quiescent surrounding fluic. If a
wall 18 located such that the replacement flow is impeded, tlk:z astatic
pressure in the fluid between the jet and wall decreases, aid the pres~
sure differential across the jet deflects the jet towards ti. w:l1.

The pressure differential is self~-reinforcing until the jet 1. .eflected
far enough to attach to the wall, A bubble of reduced static pressure
18 inclosed botween the jet stream and wall maintaining the sttachment.
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A steady-state flow pattern arises where the mass entrnlné. by the Jet
from the bubble is rdturned to the bubble near the attachm. : point,

The

analytic development of a general expression cescribing

the steady=state flow pattern requires the following assum; :ions:

(b)
(e)

(d)
(e)

(1)
(g)

(h)
(1)

The jet flow is incompressible and two-dimer ional.

Jet velocity is uniform at the nozzle exit,

The jet velocity is independent of the reduc i pressure
in the bubble.

The pressure within the separation bubble ir uniform.

Jet momentum flux is conserved, i.e., drag 1. ses due to
constraining plates are neglected.

The centerline of the jet is & circular arc .t radius R.
The nozzle width is small compared with R; a.d the attach~=
ment-wall length is long compared with the . zzle width,

The jet exhibits turbulent flow after emer;l: g from the
nozzle; i.e., the Reynolds number is high.

Changes in the jet structure due to the cent *fugal force
of curvature are negligible,

2.2 Notation

Figure 1 illustrates the jet model. The notation .sed in
figure 1 and in the derivation is as follows:

D=

distance from attachment wall to the side of ' ..e nozzle (ft)
jet momentum flux per unit depth (lbf£/ft)

stegnation pressure of the fluid supplying th- jet (1b2/2t%)
static pressure of fluid in bubble (1bf/ft?)

static pressure of fluid surrounding the jet { of/2t2)
volume flow (ft3/sec)

volume flow at nozzle exit (ft°/sec)

total volume flow at & distance s from the noxzle exit
(£12 /sec)

radius of & theoretical circular arc descrilec by the jet
centerline (ft)

arbitrary distance along the jet centerline Ir. 2 the nozzle
exit (2t)

distance from the hypothetical (apparent) crig. 1 of the jet
to the nozzle exit.

parsmeter from Goertler's equation for jet velccity profile
(dimensiounless)




uw Jet stream velocity (!pl)

u = uniform jet stream velocity at the exit (fps)
= jet stream velocity at the centerline (fps)
w = nozrle width (ft)

Aabeapss AR

y = distance from the jet centerline to an arbitrary point
measured on & line normal to the centerline (ft)

e

b
i
I
«
u

‘= distance from the jet streamline that passes through
the attachment poinut to the jet centerline, mea.ured on
2 line normsl to the centerline

Py

A

X = distance from the attachment point to the offset wall
measured along the attachment wall (ft)

O = angle bhetween the attachment wall and a line par.llel to
the nozzle axis (rad or deg)

8 = angle between the jet centerline and the attichu.at wall
(rad or deg)

p = density of the fluid (1ba/1t3)
¢ = spread parameter for a free turbulent jet (dimen:ionless)
g = 32.2 lbm-ft/sec-1bt

a
"

3 ¥, -
\a - / -
» 4..IQ‘L
A \7 POIKT QF
SENT // ATTACHMENT
11!0'\

» __'_ _______)A/
D k //
1w —. //

w/2 e

o+ —
m::' */

Figure 1. Mathematical model of the attachment of a two-diwen~
sional jet to an offset, inclined adjacent wall,

e
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2.3 Derivation of Rquations

2.3.1 Parameter (t)

The parameter t, which is taken from the velocity=-
protile equation given by Goertler (ref 3), is derived ss follows
(fig. 1):

Goertler gives the jet stream velocity u as a func-
tion of the distance s the jet has traveled, the distance y Ifrom the
centerline, and the jet centerline velocity u, at a distance s from
the nozzle exit, thus,

- 2 9y

usu sech (8 o ) (1)
3Jog,, e

u

o |4p(s + 8 )

where s_ is the distance from the nozzie exit to the apparent jet originm
(the po?nt from which the jet appears to emanate) y is an arbitrary
distance from the centerline, ¢ is the jet spread parameter, and J is
the jet momentum flux.

The velocity profile at the nozzle exit is uniform
(fig. 2a) by assumption, A representative jet velocity profile at s
per Goertler's expression is illustrated in figure 2b.

o | \
u : U
75 ¢
w/2 o 00 y’ 0
--—Y
(a) Jet stream velocity profile (b) Jet stream vel city profile
assumed at 8 = 0 at a distanc. ; > 0 per

Goertler's e. ..asion

Figure 2, Jet stream velocity prc. iles.
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In general, volume flow is not conserved, but by ninunﬁ-
tion, thore exists a line of constant volume flow which is called the
attachuent streamline. The attachment streamline is a distince w/2 from

the jet centerline at the nozzle exit and a distance y’ froa the center— . .

line at a distance s from the nozzle. The fluid is incompressible and
tvo dimensional by assumption; hence, one half the jet voluase flow is

-ga:..rt’ldy

To solve for s _, one half the volume flow Q /2 at the nozzl, exit is
first assumed Yo be equal to one half the vclume flow Q/2 .1 8 >0
using Goertler's expression, 1.e.,

’

-Q—;-sg-oruegafudy (2)

o

where v is the nozzle width and ug is the velocity at the : zzle exit.
Substituting (1) into (2)

gog, 1 oy
J-v —— sech® ( Yy dy = u
3 4p(s + 8 ) B+ e

By integrating and noting that tanh 0 = O,
Jog Ve 8 + a

3 < tnnh X

4 p(s + so o 8+ 8 + s e 2

which simplifies to
(3 J(s +8_)g

o v
3 — ‘i tanh<'+s)=u X (3)

which is an expression for the volume flow for half the stre.m at the
nozzle exit, 8Since the jet momentum flux at the nozzle exit is
3 o' w

=

LU

S

, the normalized volume flow for half the stream bocowmes

‘ia(s * no)-} va

4
) A
wo tanh<; + l°> 1

LR



Then the dimensionless parameter t is defined as

t s tanh L 7 4)

o

2
= tanh' ( Q) 3(! + s ) (5

which is the equation of the streamline,

and

Figure 3 shows that Goertler's equation does not ade-
quately represent the volume flow at the nozzle exit. However, the
approximation is made: the volume flow at the nozzle exit u (w/2) is
forced to be equal to %%e volume flow at the nozzle exit given by

Goertler's equation J udy. This permits an evaluation of 5,
0

ASSUMED FLOW-——»
AT NOZZLE EXIT

PREDICTED FROM
GOERTLER'S
PROFI_: EQUATION

|
!
|

y—>» v _w
+3 2

Figure 3. Comparison of Goertler's equation prediction
with assumed flow at nozzle exit.

v
fu:ldy = ue 7

0

and proceeding as with equation (2)

10
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2.1‘(34-30)30 " w
4 po = ub 2
T T ' oo T hu’ﬂi
At the nozzle exit 8 = 0 and J = —=-
€
then
3.0 ve
7 Pu Y s g, i v
4p0 1 Yz

which becomes

8 =
0

Bubstituting (7) into (5) yields

A4
3

3s 1 1
ow T /A"
t
for the attachment streamline,

2,3.2 Attachment Angle

e)

(7)

(8)

Two approaches that may be used to express the attach-

ment angle @ a8 a function of t are illustrated in figure 4.
T
6

R 1‘17"
M !

, y s

P

7
#e— JET CENTERLINE

T J CONTROL VOLUME

w/2

Pigure 4. Mathematical model for control-volume a:..
attachment-point theories,

The first

11




approach evaluates the forces (J, Jl ; and Jz) acting at the attachment
point and assumes that the momentum flux component parallel to the wall
is conserved. This representation of the attachment mechanism will be
called the attachment=-point model. The second approach considers the
forces due to (p ) acting on the control volume inclosed by the
centerline of thgojeg the attachment wall and offset wall, shown as

the shaded region in figure 4. The two models considered are attempts -

to represent the mechanism of attachment. There seemed no reason to
prefer aither model, and both were developed,

Attachment~Point Model=—An expression fo:r 6 in terms
of t is obtained as follows: Prom figure 4 one can write

Jl - J, = J cos ] (9)

The J's can be written as integrals of the form
I pudy

Using the Goertler equation (1), this becomes
. 8 + sj> .
J.Wdy=9(4p(s+s)( Iaech( (

Integrating and substituting the value of t from (4)

o0

3 0o
J2= f;pu'dy:a-(fit-ta)
v/ y
81ncet=tanh-ﬂ—:g§—,tanh0=0, and tanh o© = 1,
14
_J 1y o 9 4 .72 Jd_4d I_a 13
Jy =7 B-1) - T (3t'-tP) =3 7 (8t -t™) (10)
Now ¢ 0 .'
Jl = js pu’dy = I puady + iypu’dy
“00 -
8ince
Jaﬂuady

-0

12
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and since u iz symsetric

3 (1]
5= I pudy = {opuady
-00

s

l;a-:-q.[vpu'dy

Proceeding as With Jg,

J

3t/ - t’3) | an

12
1
e
+
NI

Inserting the values of J1 and Ja from (10) and (11) into (9)

1 3./ 1.my_42_3,:/ _1l.n
JcouO:J(2+‘t 4t) J(z 41: +4t)
and finally
3 s, t"
00l9='z-t -—z {12)

Control=-Volume Model—The force equation states that
the momentum flux returned to the low-pressure region pB balances the

pressure difforence times the area normnl to the wall, "This can be
expressed as

w
J cos @ ~ J’1 = (pm - pa) >+ -2-) cos €13)
¥rom figure 4
A A
co-a:m:ad c_OICnn
thus
w
R-sa"?*%
Bubstituting cos @ = -e glves
R(1 - cos 8, . +x ¢
cos‘a) 2 (14)
13



14

Using (14) and the approximation AP = % (Justified in appendix A)
in (13) h

J cos @
J cps o , ql = (B),F ‘1 con,o?”?os a

whichrpimplitiepvpp B ) - S

b
cos (¢ - 7= cos Q.= cos 9

Hence

I
cos O = J_ (15)
which is equivalent to (9) with Jz = 0,
Substituting the value of Jl/w from equation (11)
gives J J
St -t3) + 5 /3
cos 0 = & 2.1 + 3 t’ - L2 (18)
J 24 4
As in (12), cos © again involves only y, 8, and g, and not . Equa=-
tions (12) and (1€6) sre the same as those obtained by Borque and
Newnan even though the wall angle (¢ has been considered in this
derivation,
Comparison of Models—Two different expre:sions for
cos 8 as a function of t' have been derived. In thu process, two ax-
pressions relating (J, Jl, Jz) and cos @ have occurred.
®
attachment-point model: Jl-Jz = J cos & (8)
control~-volume model: J1 = J cos @ (15)

The primary reason for this difference in (9) and (18) is at the
difference of pressure P~ Py = Ap was neglected in the attachment-
point model. The reaction of the stream to Jg tends to movo the
attachment point downstream, hence to incresse x. The eff:ct of Ap
on the jet 18 to decrease x by shrinking the trapped bubbls. Thus
the consideration of Ap tends to reduce the magnitude of Jz. IZf the
control volume model were more nearly correct-——as measursd by the
discrepancy between the theory and experimental data——then -ne might
conclude that the effect of Ap tends to cancel Jz. Howeve 12 the
attachment-point model agreed more closely with experiment ' <d-ta,
then this would not be so.
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2.3.3 Geomstry of Attachment

Substituting (7) into (4)

- ’
t lt’._ﬂ_...
ow

s+ T

Then solving for y' and substituting the value of 3s/0ow fr.a (8)

y' = ——-—3';3‘ tanh-l

t’ =§[ﬁr- 1+ 1] tant ¢/

Finally
‘ v/ = 3—:’,, tanh"’l t!

an

Yor the case where s 18 the distance from the nozzle exit to the attach-

ment point, (fig. 4)

s =R (0 + )

and combining (8) and (18) yields

-1

1 < 3R + a)
3 ow

Hence

R [+4 1
w-3(0 +0 G?" 1)

Again using figure 4

A=(R~D-§) cos O = R cos @

or
w Rcos @
R-D 2 cos @
j D
lolvinzfor-i-
D R cos © 1
:'w(l-cua) 2

(18)

(18)

(20)

15
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Now substituting (19) into (20)

D g 1 cos @ 1
"I TP D Q-5 3

This is the first of the required parametric equation
the form found by Borque and Newman as shown below,

At g = 0, (21) becomes

D 1 1
T3 Gm-1 (A -cos0) -3

which is Borque's equation (15); and at @ = 0, it rec
(The negative sign arises from the convention that pc
directed away from the centerline of the jet while pc
directed away from the common vertex of (¢ and 0.)

Referring to figure 1,

w
x1=(n-n~-§-)sina

xzs-RainO

x, = y'/8in @

and X =X] + X3 =~ X3

Combining these yields

w
(R D--z-)sina Rsin @ _ v’

w w vsin @

L L]

Substituting (17) and (18) into (22)

-1
x v 1 _ _ tanh "
v = 3(ewa (-—;g-t 1) (sin a + sin ©) 3t %51

which is the second of the required parametric equations.

value @ = 0 18 used (23) reduces to

-1 ’
x *} 1 tanh "t
¥ =30 (g7~ 1) sin 0 - oo

which is Borque's equation (17) for the case, @ = 0.

(a1)

it reduces to

> to - lo
ive D is
ive R is

/D, 1

(22)

\4+-2—)aina

If the

(23)
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ng @ = 6 and v= "3
x 4 1 tanh-l £’
¥ =3q (g~ 1 sina- gy

which is Bortu*s equation (23) for the O offset case assu .

@ =6, Bince T i5 measured from the centerline, -
0 offset.

corre

This more general theory is ex
curate results for small angles when an offset £ > 1 is us
separation bubble will be larger ahd the assumption that q =
necessary,

2,3.4 Entrainment

The parameter ¢ is a floating constant tk
for the geometrical spread of the jet due to entrainment.
perimental work by Reichardt (ref 4) estimated the value ¢
for a straight jet; however, due to the curvature in this
entrainment, hence the value of o, would be expected to be
To obtain an expression for the entrained volume flow in t
and 0, (3) is required,

If y is taken from 0 to o, then S! is equal to the total
onr one aide of the jet centerline, including the entrainc

Thus ) )3
fo] wme - E
or J(aen )2 Q.
<> -7
and since
J=0p u: v
{249 becomes

cted to g

ve mOre ac~
d, since the
= 0 is not

t accounts
Previous ex-
o as 7.87

ise, the
different.
™8 of B

Jlume flow
flow,

(24)

(28)

.17
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Since
from (2)

S %

u¥ " Q,

and aubstitutihg ihto (25)

h]
K

and defining

-]
~

V2
3(5 + s& (26)
wo
The entrained flow, i.e., the excess over the flow at the nozzle
exit is QT - Q and is normalized as
(:]
- Q

Sr—?'.;_-.e_=q'-l
At the origin = QT so that the entrained flow is ze:xo, Hence
rewriting (28) '

, 3¢s + so) va
q:—l::\.—-'T——— -1 27

yields an expression for the normalized entrained volur 2 flow in :
terms of s and g. The value of q/ varies directly as r, the distance
the stream travels, and inversely as g, the spread pa- wmeter and w,
the nozzle width, It also must be true that the entralied flow varies
directly as the separation bubble size, since the bubbla size also
varies with 8 and g. The separation bubble size, hence the entrain~
ment, is determined by D/w and . If the entrained flor is determined
by 8/0, then D/w and x must affect the distance s and tie spread param-—
eter 0.

2.4 Computation

1t was not possible to obtain an explicit ex; ession for x/w
as a function of & and D/w in & form that could be usec for computation.
Instead, parametric equations were derived and the atts hment distance
was computed indirectly.

¥irat (12) and (18) give two different expre: ;ions for cos €
in terms of the parameter t’ and will be referred to a: the point and
the volume equations, respectively. Second, (21) allo: : the computation
of D/v, the offset distance, in terms of t’, a, and o. ’1nu11y (23)
permits the computation of x/w in terms of the aane gu 1'1ties, For each
selected value of ¢ and @, a range of values for t! wer» selected, so
that O was leas than 90 deg. This required preliminary conputatlons to
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determine the range for t’, since the range differed for :- ;o5i': and

volume equations mnd for each value of o and ¢ used. Whe . : L’ ranges
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were determined, the values of @, R/w, y/w, D/w, x/v were : .4 at
small intervals on each of the selected ¢ values and for - ; aeeny
A 85 deg. An example of such & page of computations, which dune. on-

‘an IBM 7090 computer, is included as table I, Yor each ¢ . : condition,

“ the x/w that corresponded to D/w = 0, 2, 4, 10 was found ! :::’ :polation.
; The results are shown in Table IX. This operation was re . . ~  1d the
= resulting points plotted and =onnected for each of the I/ =’ for
- - " a = 0 to 55 deg. XEuch page corresponds to a value of ¢ - . .8, in
. l addition to the family of four theoretical curves, the o 1 data
_ pointa. Figures 11 through 17 present the families of cu o in
the range 1 to 15 for the control-volume model; and figu: = ugh
. 21 present the families for values of o = 15, 20, 25, 30 ‘+tach-

ment-point model.

Table I. Sample Computer Print-out Sheet, o = 2,

T’ cose Sing 8 u[- yiw e
- 1.4000000E~01 4.0431399€-01 7.9674625€~01 5.282070TE O1 3.6172296E O1 4.7933862€ 00 (.11 ~o+198 O}
1.4900000€-01 6.1092300€=01 F.9164%002E~01 5,2%439Z6F Ol 3,21)984F7E Ol &.50THIIAE 00 1.237 ~NE 01
143800000E-01 4.17S1391€~-01 7.86530%4E-01 S.18465383€ O 2.8706B38% Ol 4.25505$5¢ 00 1.05:52 185876 D)
1.47000006-01 .26408563€-01 7.6113939%€-01 35.1383088¢ 01 2,99106083F Ol &.029T40TE 00 9.2sC: N 126 O
1.760Q000€-01 €.3063704€-01 T.76UT7906~01 3,0903054E OL 2,3474p11F OL 3.8272331E OO B.17C/ 9116€ 01
1.8300000€-01 #.3716T0BE~OL T.7072570E-01 $.0619292 Ol 2.1378086F O1 3.6495801E 00 7.2%¢ . “518C 0L
1.9400000E-C1  6.4367463E-01  7.4529923E-01 4. 1933811E 01 1.9%0024)E OL D 4803317k 00 6.40% 14988 01
2+03000006~01 6.301S8438-D] 7,39798%0E-01 &.0848824F O 1.7973310F 01 3.3303329f 0G 5.7 9217 00

2.41990506-01  6.96017988-01 ?7.9422334E-01 4.8957734E Ol 1.4379400¢ O1
T42099999€-01  6.4303132E-01 T.4837376E-0L &.8A&T167E O1 1,3343078¢ O}

3.1930779E 00 4.13% B III2E QO
671938k 00 4.67" ' ABE Q3

2.30000006-01 &.46943824E-01 7.4284940E-08 «T914916E 1.42%730¢ 0) <OS1681E 00 4.21: iee QD
2.39000008-01 3 T.IT031106-0L 4. L1a3219245€ Ol  2.8044094¢F G0 3.4 S310€ Q0
2a6T$9999E~-01 Ta3117799€-01 &, La2405065E Ol 2.F434L08E 00 Y.an SY2T1E 00
E [ 7.25230311E-0Y 1.1618693% OL  2.6%342088 00 J.il D 1L481E 00
$.,94794T1E-01  7.1930812£-01 LQ90793TE 01 2.96BO204E 00 2.3c~ w5478 Ou
2. I €~ 7.01080786-01 7T.1311136E-01 1.0263079¢ Ol  2.48R249%E OO 2.5+ 19,708 00
Z.03999%49E-01 7.0727342E-01 7.0694011£-01 S.H78LLLILE Q8 2.41377G8E QO 2.:: B reoe 93
29299999601 T 1304153E-00  P,0069¢38E~0) N, 4002%11F Tl 9.1437125F 00 2.3419982¢€ 00 2. .. st Q0
340199999€-01 TJ.1¥0IACBE~OL ©.I0ITA2JE-0Ll A.39T7541E Ol 8.6547923E 00  2.2T8%448E 00 .-, € Q9
$.1099499E-01 7.2972994E<00 . 874T910E-01 4.30TO058¢E 01 8.2061402E 00 2.,2170443%E 00 1.7* L U9
3.1999999£-01 7.3L80T98E-01 6.8151087E-01 &,2961987E Q1 7.T934AIIE 00 2.1%91609¢ Q0 i.°- /E 00
3.2099999E-01 T IVB4TITE-QLl G TH94713E-OL . 2481010F O) 7.412974%E 00 2.1046028€ 0O Lane T¢ QQ
3.3789999E-01 T.e304636E-01 S.8035084E-0L 41940036 Ol 7.0613016€ 00 2.0%3L0786E OO (. }: 's€ Q0
3.4699099E£-01  T.4980050E-01 0.0L83944E~0L 4,1420714E Ol $.T7333708% U8 2.0044403F OO0 1 BELT3 ] |
i 3,9399999E-01 T.95T2048E-01 5.38890315-01 &,QF1179AF Of 4.4332491E 00 1.9%8390%¢ 00 ZE 00
3,6499009E-01 7.61993706-01 4.4R03340F-01 4.0393303E Ol 6.15209236 0C L.91876T3E GO 1 L€ 00
3.7399999E-01 T.0T42138E-01 4 40102928 -01 3.98TT244F O] 3.5901424E 00 1 £~01
$.8299999E-01  T.7320651E-01 &4.341947%8-01 3 1} 45509 00 TF-01
1] 1999901  T.7094091E-01 2709713¢-0) 108858 00 +T94B2%1% 00 < t=Ql
4,0099999E-01  7.802959E-01 &.19984126~-01 J,BY13706F OL 3.2010196F D0 1.7413409¢ CO L7E=0OL
4.0999¢ T.O0188736=01 6.1279913€=01 3.7749420¢ OL 5.0022399EF 00 1.7275877E OC b =01
4. 10%%% OL  T.9%03997€6-01 4.05480T26-01 3.T2433878 OL 4.8136904€ 00 1.6934)93¢ C0 t=Q1
4e2799999E-01  3.0139930€-01 3.9B12971E«Cl J.AT34207€ 01 4.6343418¢ OO 1.844T945E 0O t=02
4.3 S8E~01 S.08UBLA3E=0L 4.9070414E-0L 3.4207287€ O1 4.46%92987E 00 1.63%9%765E Oy t=a1
A 45999958-01  5.123208%¢8-0C) _I.t!IIOIOE-Q\_‘){Sa1tllll 01 &,3L178%9E 00 1.0078999¢ 00 t =01
BITTO090E=T1 3oT3A4)IIAE=01 . 31A&BI2E O &.1430(81E 00 1.50L0894E 00 E~01
0.2902344E-01 $.6800422E~0L 3.4611303€ 01 4,0223979€ D0 1.553677¢¢ 0C t=01
Bo28296403E~01 3,6029387E-QL 3, 40TH23%E Gl 1.899309%k 00 1.,331a001¢ 00 E-C1
4eB199998E-01 8.3)30494E-01 3.5%291201&-01  3.3539646E 01 2.Te321038 00 1.350639v26 OC E-0l
4.9099998E-0L  B.IBASTIOE-0)  5.86485948£-01 3.3001922E O1l J.4A3OT2E 00 l.40502131¢ 0C te=0}
AeINTIYRRE-01  5.4374999E=01  3,3073040€=01  3.2461B4%E Ol 3.3IQ0497E 00 L.464B164F 00 €=0a1
5.0599998E-01L A.68TR192(-01F S.28761CE-01 3.1920690F 01 3.4221299F 00 L.A%43)97E 00 t=a1
$.1799998(-01 6.9375203E-01 9.200T903E-01 3.13TTH02¢ OL  3.3194%9%F 00 1.4291688F 20 - Q0
$.2699997E-01 B.3845010E-01 5.1234098€-01 3.0833748F QL 3.221704TE D0 1.4CAK049E OO Q0
$.33400997E-01 8.0130231E~01 5,04)A407€-01 3.028798T€ 01 3.1285443C 00 1.I808723¢ 00 o1
S,44099966~01  $.6020032E-01 4. 94Q0733%E-01 2.97407008 01 J.0390866E 00 1.3719179¢ 00 -9, Q0
. The numbers on this page are to be interpreted as whole i

plied by a power of ten; thus 4.0999988E-01 is read .4.
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Table 1I. Interpolated values of % and 6 for se!

D/w x/w
0. -9.56919863E~01 3.162¢
1.0000000E 00---1.0929889E 00 - 4.056%
2.0000000E OO0 2.85487TO0lE 00 4.417:
4.0000000E OO0 6.2584630E 00 4.7725
6.0000000E 00 9.6303045E 00 4.,9605
8.0000000E 00 1.2998519E 01 5.0818
1.0000000E 01 1.6368838€ 01 5.1684

3. EXPERIMENTAL PROGRAM

Experiments were conducted with both sir and wate.
the attachment distance as a function of offset distanc
The test models were designed to obtain essentially twc
compressible turbulent flow.

The test with a Mach 0.5 air jet was conducted wi:
of 0, 2, 4, and 10 nozzle widths; the wall angle was 1.
crements from O to 55 deg for each offset. Tests with
lated Mach 0,5) were conducted with offset distances c¢
widths; and the wall angle was moved in 2~deg incremer:
or less for each offset, The attachment distances for

computer solutions of the parametric equations for varic
spread parameter g are plotted in figures 11 through 21.

3.1 Air-Jet Test Model

The test model used in air-jet tests is show:
nozzle aspect ratic (nozzle height to width) is 8, whi-
factory approximation of two-dimensional flow, particul

measurements are made halfway between.the constraining

The nozzle is 1/32-in, wide; the attachment ¥
widths long, and can be rotated through 60 deg and offs
nozzle widths.

The attachment point is the location on the
where tho stream divides, so that all fluid on one sicd
ble and all fluid on the opposite side continues along
the surface of the wall, the dynamic pressure vector is
of the stream beyond the attachment point, but back tow
the inclosed bubble. Therefore, the point on the surf:c
which the total dynamic pressure goes through a null sh
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estimate of the attachment point. To determine the locat on of the

null, a single, 0.022~in. o.d., 0.012-in, 1.d, pitot tube was placed
parallel to the neozzle axis and moved along the attachmern wall with

the pitot probe bent slightly to follow the wall. The pi ot was mounted
on a calibrated jeweler's three-slide rest which measure: the distance
along the wall, with height adjustment maintained halfwa; ".tween the
constraining plates as shown in figure 6. The point at 5 .ch the dynamic
pressure went through zerc was recorded as the attachmen: point, The
data obtained are plotted as open symbols on figures 11 Z1. This
method was used in preference to static probes, which wo. ' Lave required
moving for each test.

The output of the pitot was fed to a pressure-: -rltage trans-
ducer, amplified, and readout on an x~y recorder. This " to be an
extremely sensitive arrangoment and a few thousandths of ach of pitot
movement was readily detectable on the recorder., When t! tischment
bubble was very small, as in the case of zero offset and -1 &, 1nsta-
bility due to the probe size was encountered. When (¢ w:. ¢ than 3%

deg at zero offset, the width of the bubble was less than :l: probe diam-
eter, and the attachment point could not be located.

An inherent error is associated with this meth: .casurement,
because the pitot opening is not a true point, and the =: , which the
attaching jet stream makes with the wall, changes.

MEASURED ATTACHMENT
POINT

TRUE ATTACH:
POINT

Figure 7. Errors in measuring attachment dis-

‘The pitot tube has an opening of about 1/3 nozzle width ar t~nds to

average the high and low pressures. The smaller the angl. .., (.e greater
will be the sveraging, which will tend to give an appare:r + -ater x/w
than the actual value. This effect will decrease to & min n a8 the
attachment angle approaches 80 deg, as seen from figure 7.
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3.2 Water-Jet Test MNodel

Figures 8, 8, and 10 illustrate the water ta.. usd¢d in these
experiments, which were conducted” at- the university of -ryland Wind
Tunnel Operations Department (ref 35). The water table 1. 22 ft long
-and 30 in. wide. The water flow was graduslly channeled from the 30-in.
wide stagnation region to the
nozzle throat, which was 0.5
"in, wide. An estimate of the
simulated Mach number on the
water table, provided by the
University (ref 6), is Mach
number = [2(clo-d)/'¢l:[*/a where
d, = stagnation region depth,
d= depth at nozzle exit. Wa-
ter depth readings were re~
corded at the nozzle exit and
stagnation region; the simula-
ted Mach number used was 0.5

The distance along the at-
tachment wall was measured by
introducing & dye and noting
the point of stagnation on the
wall, The dye was introduced

Figure 9. University . ..uryland Wa-
ter table, Mathematic. model super-
imposed. '

via a small probe placed ;  ¢ndicular to
the water table and adjacc. to the at~
tachment wall., The water t d-*a are
plotted as solid symbols ¢ 1 s 1l
through 21, Offsets of O, .1 { nozzle
widths were used, and, for .. ~"fset,
the attachment wall was move ! st 2-deg in=~
crements as far as the tabl. ~‘ ith would

permmit., With the geometry " 2m, 1t
was impossible to increas: e le ¢ to
greater than 40-deg, and .. e - wall
... Was only 25 nozzle widths ° ‘ucing
Figure 10, Schematic of ex- it further to obtain great was
perimental water tablo. not considered. '

sContract DA-49~186-502-0RD-213
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3.3 CQ!pniison of Results

The attachment~point equations give satisfactory :zreement
with the experimental resulis for offset distances of 0, 2, and 4
noxzle widths at values of @ less than 40 deg using ¢ = 15 v.ad ¢ =20
(fig. 18, 19), Agreement is poor for other values of ¢ and for an .
offset distance of 10 nozzle widths and does not appear to iauprove
~ for other values of o. ' a ' ' o
The control~-volume computations agree with the ex;arimental
results, but a single value of g does not fit for all condit'ons, If
it is assumed that the value of ¢ for which the data and th: 'ry agree
is the effective o for the particular D/w and (@, then the f:'lowing
observations can be made by examining figures 11 through 17: as & in-
creases, the value o o decreases, and as D/w increases,the -rlue of ¢
decreases. The relations can be very crudely estimated as :iown in
the chart -below.

-

Approximate values of g for combinations of ¢ a:. . L/w

a |0 10 20 30 40
D,
w
0 - 12 10 8 6
2 12 10 8 [ 4
4 10 8 6 4 2
0 2.5 1 1l 1 1

These results are consistent with the development given in . :c, 2,3.4;
i.e,, & i8 & function of D/w and ¢ hence of bubble.size.

The width of the water table severely limits the wall length
and the angle & through which it may turn. For the data avcilable, it
is noted that the theoretical control-volume computations £ - ¢ =7
and 8 (f£ig. 14, 15) show excellent agreement with the data = r D/w =
0, 2, and 4 nozzle widths over the range of possible values f a. The
computations of 0 = 6 agree better with the D/w = 4. The t. ~retical
attachment-point computations agree closely with the data fc i/w =0
using a o = 15 and for D/Ww = 2 and 4 using a ¢ = 20.

The water and air jet results show excellent agrec-ont over
the entire range. Since two different fluids, two differen! ' vices,
and two different methods of measuring the attachment were v, ty two,
independent sets of experimenters, the excellent agreement . r:zarkable.

4. SUMMARY

Equations were developed that predict the attachment d.stance x/w
in terms of offset D and wall angle  for a two~dimensioconal. incompressible
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turbulent jet. The expressions are obtained in terms .
which is defined as

't = tanh [cy/(a+s°)] ,

where y is the distance from the centerline, s is the <
has traveled, and ¢ is a spread parameter. Using two :
pressions for the attachment angle 6 were derived.

3 t3
attachment-point model cos 0 = 3" "3

1 3t ¢
control-volume modcl cos @ = 3 + 3 " i

Introducing the geometry, the parametric expressions fc
developed are

D [ 1 cos @ 1
w 3o TV A -G5s) T3
and
z= _Ji___(_3§ -~ 1) (sin @ + sin ©) Egﬂg:iﬁi___
w o 3(8v) 't =" 3t'® sin @
.

Computations were performed using both expressions for

_several values of .

Experiments were carried out on an airjet model uc-

to determine the attachment point for values of D/w = C
=0, §,...,, §6 deg. Similar experiments on the water
for p/w = 0, 2, 4, anda =0, 2, 4, ,,,, 40 deg. In bc
curves of x/w versus ¢ fommed distinct families that lo
hyperbolas with the D/w determining the location of the
the (¢ designating the position on the horizontal axis.

water jet results show excellent agreement with the corn
computations for ¢ = 8 for D/w = 0, 2, and 4 over the ¢
of wall angles. The computed value of x/w for airjets

control-volume model agree with the experimentally dete
is allowed to change inversely as D/w and (¢, This i8 r

entrainment varies inversely as ¢ (27), hence entrainme.
as D/w and . Computations based on the attachment-poi.

values of ¢ = 15, and ¢ = 20 and for 0, 2, and 4 nozzle
range of O to 35 deg agree with test data,

5.  CONCLUSIONS

. The equations devaloped in this report show good &
data obtained from water and airjet experimental data i
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parameter is allowed to vary. The computations hase:
volume model showed the effective ¢ was inversely pro
D/w and @, The variation in g i8 consistent with th:
trainod mass flow is inversely related to g. Using t

19

point model, the effective g appears to be directly :

to . ‘This model neglects the effect of bubble pres:
control volume model is the preferred analytical rep:
theoretical development requires a number of assumpt:
Jet profile equation is used, which assumes that tte
that of a free jJet and is constant. 1In this report i
the spread parameter is treated as a floating consta:
uated by comparison with the experimental data. Furi
lead to the development of equations in which ¢ is a
and 0 or of other parameters of known value.
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APPERDIX A. Derivation of R = J/Ap
This squation can be arrived at using the wei

Ruw? = a _Ww. = V/R

8.

‘Writing

fiormal acceleration w Frorere drop  area

density °* volume

&8s (poo - pB) - A Ap
a = n —
n p AW pw
Substitute into above
Ve Ap
o = ow
R® ¥
Simplify
l__AP_F
R—pw
Since
2 (p, =P,V =‘pv°w = J
p ap
a normal acceleration (£t/sec?)
A area at the jet centerline (£t2)
R radius of the jet curvature ({ft)
V linear velocity of the jet (ft/sec)
w Jet width (ft)
p Jet density (1bm/ft®)

Jet angular velocity (rad/sec)

iations
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